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Length Distributions and the Alignment Transition of Polymers 
Formed by Linear Reversible Polymerization 
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ABSTRACT: The equilibrium distributions of polymer lengths and orientations are calculated for reversible 
linear polymerization, assuming that the free energy of monomer addition is independent of polymer size. 
The anisotropy of the equilibrium state a t  high concentrations has two aspects. (1) In the absence of anisotropy 
in the interactions between molecules, the system is isotropic with respect to monomer orientation, but the 
average polymer length is greater along the axis of alignment than orthogonal to it. (2) In the presence of 
anisotropic interactions between molecules, the orientation of monomers is also anisotropic. The phase diagram 
differs somewhat from that calculated earlier for an approximation of a reversibly polymerizing system in 
which all the polymers were constrained to be of identical, albeit reversibly changeable, length. In particular, 
noninteracting polymers do not form as dense an anisotropic phase as was predicted earlier. However, the 
temperature dependence of the phase behavior of the present freely reversible system and that of the former 
constrained reversible system are qualitatively similar to one another and qualitatively distinct from that 
of irreversibly polymerized systems. In particular, there exists for the reversibly polymerized systems, in contrast 
to the irreversibly polymerized systems, a temperature below which, for positive enthalpies of polymerization, 
or above which, for negative enthalpies of polymerization, no phase transition occurs. The maximum con- 
centration of the isotropic phase is found to depend primarily on the free energy of polymerization, to  be 
relatively insensitive to the nature of interparticle interactions, and to have a temperature dependence which 
is qualitatively similar to that observed for sickle cell hemoglobin. The distribution of polymer lengths in 
the isotropic phase is significantly different from that observed for sickle cell hemoglobin, presumably due 
to  the relative instability of subnuclear hemoglobin aggregates which is not incorporated into the present 
model. The minimum concentration of the anisotropic phase is found to depend strongly on both the free 
energy of polymerization and the interparticle interactions and, in general, has a complicated temperature 
dependence. 

Introduction 
A variety of proteins  associate reversibly to form long 

polymers. Among these are tubul in ,  act in  and actin-like 
proteins, tobacco mosaic virus protein, and sickle cell 
hemoglobin. The excluded volume dependent  nonideality 
associated with the highly asymmetr ic  shapes of such 
polymers can induce spontaneous al ignment  and phase 
separation. This phenomenon is entropically driven; i t  is 
modified by, but not dependent upon, t h e  nature of the 
interparticle interactions.’ 

Lat t ice  models for monodipserse hard rods2p3 have suc- 
cessfully explained the main features of the observed phase 
behavior of a-helical  polypeptide^^-^ and p-phenylene 
 polyamide^.'^'^ Such synthet ic  systems are relatively 

*To whom correspondence should be addressed at Harvard 
Medical School. 
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simple to describe because the polymer length is fixed and 
the approach to equilibrium involves adjustment  of poly- 
mer orientation only. In contrast, proteins form polymers 
which m a y  reversibly change length so that equilibration 
involves the joint  optimization of polymer lengths  and 
orientations. The lattice models of Flory2 and DiMarzio3 
have previously been used to describe reversibly polym- 
erizing systems by  assuming a narrow length distribu- 
tion.14J5 T h u s ,  the number of degrees of f reedom i n  the 
approach  to equi l ibr ium was l imited to two (average 
polymer length and average polymer or ientat ion)  b y  im- 
posing the constraint that the polymers were of uniform, 
albeit adjustable  length. We will hereaf ter  refer to t h i s  
as constrained reversible polymerization. In the present 
treatment, based on DiMarzio’s lattice model, th i s  artifi- 
ciality is removed and no constraints whatever are placed 
on the polymer lengths. It is therefore possible to calculate 
the expected equilibrium dis t r ibut ion of lengths, as well 
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1210 Herzfeld and Briehl Macromolecules 

A m  1 as orientations. Some of the results, derived in detail here, 
have been presented in a summary way previously.16 
Partition Function 

In DiMarzio's simplest model, each molecule is assumed 
to lie in the direction of one of three mutually perpendi- 
cular axes of a simple cubic l a t t i ~ e . ~  Such restriction to 
a few discrete orientations may tend to exaggerate align- 
ment." However, the phase behavior predicted with this 
modells has the same qualitative features as that predicted 
by Flory's lattice model which allows a continuum of 
particle 0rientati0ns.l~ DiMarzio's model has the advan- 
tage, for our purposes, of readily incorporating an arbitrary 
degree of polydispersity. 

In the lattice model, the statistics for arranging rodlike 
particles, of axial ratio x ,  in space is computed by dividing 
the particles along their length into x equal cubic segments 
and counting the number of ways in which these segments 
can be packed into a lattice of cells of the same size. It 
has been noted19 that the number of ways of arranging a 
collection of rodlike particles in a given orientation on a 
lattice depends on the total number of segments and the 
number of these which are end segments, or, alternatively, 
the number of particles and their average axial ratio. Thus, 
generalizing from DiMarzio's3 eq 7, the number of ways, 
g, of arranging a polydisperse collection of rods on a lattice, 
in three mutually orthogonal orientations (i = 1, 2, 3), 
depends on the average length (ai) and number of rods (Ni) 
in each direction according to the equation 

h ( N  - aiNi + Ni)! 

where N is the total number of lattice cells and S is the 
statistical factor that corrects for multiple counting of 
arrangements which are identical due to indistinguisha- 
bility of particles. If Nix is the number of rods of length 
x in direction i, then 

and 

S =  fi fiN*! 
i=l  x = l  

(4) 

Using Stirling's approximation 

- u )  In (1 - u)  ( 5 )  I 
Here 

m 

gi = 1 - (2; - 1)Ni/N = 1 - C ( X  - l)Nix/N (6) 
x = l  

and u is the total volume fraction of solute 
1 3 "  

N i=l x=l i= l  

3 
(7) 

To compute the partition function, it is also necessary 
to incorporate polymerization interactions and rod-rod 
interactions. Assuming linear polymerization, with only 
one type of linkage, the number of linkages is 

u = -  C C xN~, = CfiNi/N 

Assuming a random spatial distribution of polymers in any 
given direction, the number of parallel contacts between 
rods is 

(1 / 2) C (ZiNi) (2 jNJ / N  (9a) 

and the number of perpendicular contacts between rods 
is 

(1/2)? ? (fiNi)(fjNj)/N 6%) 

3 

i=l  

i= l  j=1 
i# j  

The partition function may then be expressed as 
Z =  C exp(-Nf/kT') (10) 

all config 
lNiA 

where 

i=l  ]=1 
i # j  

(11) 
4 is the free energy of formation of each polymer linkage, 
and W I I  and w I  are the energies of interaction between rods 
per parallel and perpendicular contact, respectively. No- 
tice that the expression that we have adopted for the 
rod-rod interaction energyla embodies the assumption that 
rod segments interact strictly pairwise. This approxima- 
tion is expected to be poor at high densities. However, as 
discussed below, our results suggest that the detailed form 
of the rod-rod interaction energy is relatively unimportant 
because the phase behavior is more sensitive to polymer- 
ization interactions than to the rod-rod interactions. 

Applying the maximum term approach, the equilibrium 
state @ that state (Nix] for which f attains the micimum 
value f ,  for given values of u, 4, W I I ,  and wI. Then f is the 
free energy per lattice cell of the system at equilibrium and 
the chemical potentials of solvent and solute are, respec- 
tively, 

pl = RT(f  - ~ ( d f / d ~ ) [  (12a) 
and 

p2 = R q f  + (1 - u ) ( d f / d u ) l  (12b) 

The Equilibrium State 
It is convenient to define a new set of variables 

Ci, = NiJN (13) 
in terms of which 

? r  m m 

f = 2 -gi In gi + E c', In ciX + 4 C ( x  - 1)ciX + 
i= l  1 x = l  x = l  

(1 - u )  In (1 - u )  (14) 

and 
- 

gi = 1 - C(x - l)Ci, (15) 

Our goal then is to find the minimum off with respect to 
x = l  
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all the Ck, subject to the condition that 
3 -  

i=l  x=l 
c cxci, = u (16) 

In light of this constraint, eq 14 may be rewritten as 
m m 
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The method of Lagrange multipliers requires that the 
extrema of f  satisfy the equations 
Ax = df/dCk = In Cix + x + ( x  - 1) In gi + ( x  - l)$ + 

OD 

( ~ l l  - W,)X X’Cixf (18) 
x’=l 

for all i and x ,  in addition to eq 16. Thus 
m 

Cil = e x p 0  - l)/exp[(wll - ~ 1 ) C x C i x I  (19) 
x=l 

and 

ci, = (zi)x-lcil (20a) 

where 
zi = Cile+/gi 

Notice, with regard to eq 19 that when W I I  = wI, Cll = CZl 
= C31, indicating, as expected under these conditions, that 
there is no preferred orientation for monomers. From the 
relationships 

(D 

ZxXZf-1 = (1 - $2 
x = l  

and 

it follows from eq 20a that 

cxci, = Ci,(l - q ) - 2  
x = l  

and 

so that from eq 3 and 13 

from eq 15 

from eq 19 

for all i, and from eq 16 

Combining eq 20b and 22d gives 
Cil-l = e+/zi + zi(l - zi)-2 (25) 

Figure 1. Right-hand side of eq 26 plotted as a function of zi 
for 4 = -5.0 and wu - wI = 0, showing that zi is at most a dou- 
ble-valued function of A. 

Substituting eq 25 into eq 23 and 24, we find that, for the 
extrema off ,  the zi satisfy the equations 
exp(X - 1) = 

for all i, and 

The Cix are then given by eq 25 and 20a. 
As shown in Figure 1, there are no more than two dif- 

ferent values of zi which satisfy eq 26 for any given value 
of A. Therefore, two of the three directions in the lattice 
must be equivalent; if we choose z1 to be unique, then z2 
= z3. Due to this symmetry, it is possible to define a 
convenient measure of alignment of solute as 

m m 

which varies from 1, for perfect axial alignment, to 1/3, for 
an isotropic distribution, to 0, for a fully planar array. 

Figure 2 shows the loci of the solutions of eq 26 in the 
zl, z2 = z3 plane, for various values of 4. Trivial solutions 
occur along the line z1 = z2 = z3 corresponding to isotropic 
states. In addition, there is a branch of solutions corre- 
sponding to axial alignment (zl > z2 = z3)  and a branch 
corresponding to planar arrays (zl < z2 = z3) .  Figure 3 
shows the loci of the solutions of eq 27 for various values 
of u and $. Local extrema in f occur a t  the points where 
the loci of Figures 2 and 3 cross, for given values of W I I  - 
w,, 4, and u. There is always at  least one extremum at  

For low values of u there are no other extrema. For high 
values of u there are, in addition, one axial extremum and 
one planar extremum, which we locate numerically by 
repeated bisection on either side of the isotropic extremum. 
Over a very narrow range of intermediate values of u, there 
are two axial extrema and no planar extrema. One of these 
axial extrema is located numerically by iteration between 
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Figure 3. Loci of the solutions of eq 27 for (a) 4 = -5.0 and u 
= 0.2 (---) and 0.5 (-) and (b) u = 0.2 and 
and -9.0 (* - .). 

= -5.0 (---) 

the two loci, starting at  the isotropic extremum, and the 
other is then located by repeated bisection. 

For each of the local extrema, f is evaluated according 
to eq 17, 22d, 25, and 20a, in order to determine which 
corresponds to the absolute minimum in f and the equi- 
librium state. Figure 4 shows the dependence of the 
equilibrium values of the alignment parameter, the average 
rod lengths in each direction, and the monomer concen- 
trations in each direction on u, for W I I  - w I  = 0 and various 
values of 4. At low values of u, the system is isotropic: z1 
= f 2  = f g  and y = 1 / 3 .  In this region, the monomer con- 
centration increases less rapidly than the total concen- 
tration of solute, corresponding to the appreciable for- 
mation of polymer indicated by the increasing average 
polymer length. The more negative the value of 6, the 
lower the monomer concentration and the greater the 
average rod length. At  higher values of u ,  the system 
becomes anisotropic: the average rod length along the 
unique axis ( f l )  increases, and the average rod length along 
the two equivalent axes ( f2,  3,) decreases, with increasing 
u. This corresponds to strong axial alignment, as indicated 
by the abrupt increase in y. The overall average rod length 

3 -  3 

r=l x = l  i = l  
f = C C x N i X / C N i  

3 3 
= Cfilvi/ N i  

i=l i= l  
= f l y  + f z ( l  - y)  (30) 

also increases rapidly, until f r f 1  when y = 1. In addition, 
the monomer concentration decreases, with increasing u, 
due to the increasing anisotropy of the average polymer 
length. 

I I 

log f ,  5l b l  

3- 

_----  

c l  
1 . 3 1  

- - - - - - - - - - -__------___ Y 
0 2 4 v 6  8 

Figure 4. Dependence on u of the equilibrium values of (a) the 
orientation parameter (eq 28), (b) the average polymer lengths 
(eq 2 2 4  and (c) the monomer concentrations (eq 25) for wl - w I  
= 0 and 4 = -5.0, m = 2 (---), 4 = -7.0, m = 3 (.-.), 4 = -9.0, 
m = 3 (-), and 4 = -12.0, m = 5 (---), 

Phase Behavior 
Using the equilibrium values of z in each direction, one 

can calculate the chemical potentials of the solute and 
solvent as functions of u, according to eq 12a,b. A dis- 
continuity in the chemical potential occurs a t  the align- 
ment transition and phase separation occurs between the 
two ends of the corresponding van der Waals loop. Figure 
5 shows the dependence of the composition of the coex- 
isting isotropic and anisotropic phases on w = W I I  = w I  and 
4. In these phase diagrams, a single isotropic phase occurs 
in the left-most area, the conjugate isotropic and aniso- 
tropic phases coexist in the middle area, and a single an- 
isotropic phase occurs in the right-most area. Like the 
corresponding phase diagrams for irreversible polymeri- 
zation and constrained reversible polymerization (see 
Figure 3 of ref 15), the form of the diagram in Figure 5a 
is stemlike: in the region of strong repulsion between rods 
(w >> 0), the two-phase region is narrow, the coexisting 
isotropic and anisotropic phases differing relatively little 
in concentration; in the region of strong attraction between 
rods (w << 0), the two-phase region is very wide, a very 
dilute isotropic phase coexisting with a very dense and 
highly aligned anisotropic phase. As in the case for irre- 
versible polymerization, and contrary to the case for con- 
strained reversible polymerization, the ‘‘shoulder’’ (i.e., the 
change from a narrow to a wide two-phase region) occurs 
in the range of attractive interactions (w < 0). As is the 
case for irreversible polymerization, and contrary to the 
situation for constrained reversible polymerization, the 
“shoulder” may be humped so that in a narrow portion of 
the attractive region (w < 0) two distinct phase transitions 
may occur (as, for example, when 4 = -12 in Figure 5a). 
In all cases, the position of the isotropic boundary of the 
two-phase region is only weakly dependent on w. On the 
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-‘O 4 I 2  3 4 5 ” 6  7 8 9 I O  

Figure 5. Dependence of the phase boundaries on (a) the in- 
teractions between polymers for 4 = -7.0 (.-.), -9.0 (-), and 
-12.0 (---) and (b) the free energy of polymerization for W I I  = 

other hand, it is very strongly dependent on rod length in 
the irreversibly polymerized system and on the free energy 
of polymerization, 4, in the reversibly polymerized system. 
In all cases, the position of the anisotropic boundary is 
weakly dependent on w above and below the “shoulder”, 
but is strongly dependent on w in the vicinity of the 
shoulder. It is also strongly dependent on rod length in 
the irreversibly polymerized system and on the free energy 
of polymerization in the reversibly polymerized system. 

Temperature Dependence 
Thus far it appears that the results for unconstrained 

reversible polymerization bear closer resemblance to the 
results for irreversible polymerization than to those for 
constrained reversible polymerization. However, a great 
distinction between the reversibly and irreversibly polym- 
erized systems is seen in the temperature dependence. 
Because the rod length in the irreversibly polymerized 
system is independent of temperature, the phase behavior 
of this system is determined solely by the temperature 
dependence of w. In contrast, the free energy of polym- 
erization in the reversibly polymerized systems is de- 
pendent on temperature, and the phase behavior is de- 
termined by the temperature dependence of both 4 and 
w. In fact, the dependence on 4 is much stronger than 
than on w, except for the “shoulder” in the anisotropic 
boundary. Thus, whereas for irreversible polymerization 
the temperature phase diagram will be of the stemlike form 
shown in Figure 5a, for reversible polymerization (con- 
strained or unconstrained) the predicted temperature 

W A  = -0.15 (-), -0.05 (- - -), 0.00 (---), and +0.15 (---). 

\ 
\ 
\ 
\ 

\ 

\ 
/ 

Figure 6. Temperature phase diagrams for 4 = (12000/27 - 46 
and W I I  = w L  = 0.32 - (120/T) (-), 0.16 - (60/T) (---), and 

phase diagram will be of the elbowlike form shown in 
Figure 5b. 

The latter phase behavior is illustrated in Figure 6 for 
various simple hypothetical functions for the temperature 
dependence of 4 and w (to compare with Figures 5 and 7 
of ref 15). We have chosen positive enthalpies of polym- 
erization because protein polymerization is usually endo- 
thermic. For reversible polymerization (constrained or 
unconstrained), unlike irreversible polymerization, there 
exists a temperature below which no phase transition oc- 
curs. Above that temperature, the concentration of the 
isotropic conjugate phase decreases with increasing tem- 
perature, a t  a rate which also decreases with increasing 
temperature, to give an elbow-shaped boundary. The 
corresponding concentration of the anisotropic phase de- 
pends strongly on the temperature dependence of the in- 
teractions between rods. 

Sickle Cell Hemoglobin 
At sufficiently high temperatures and concentrations, 

sickle cell hemoglobin forms a two-phase system in which 
birefringent bodies coexist with an isotropic solution. 
Rapid ultracentrifugation sediments the birefringent bo- 
dies and the temperature dependence of the supernatant 
concentration has the same elbow-like form seen in Figures 
5b and 6.2&24 However, it is not known whether the su- 
pernatant truly reflects the composition of the isotropic 
conjugate phase. In the present model, the isotropic phase 
is predicted to contain some polymers large enough to be 
sedimented along with the birefringent bodies. In addition, 
polymers that are too small to be sedimented at  these 
speeds are predicted to be present at concentrations com- 
parable to the monomer concentration. Since the latter 
prediction is inconsistent with the experimental observa- 
tion that hemoglobin in the supernatant consists nearly 
exclusively of monomers, the former prediction is also 
suspect for this system. 

The theoretically predicted size distribution is a direct 
consequence of the assumption that polymerization occurs 
with only one type of linkage (i.e., by a head-to-tail asso- 
ciation of monomers), so that the free energy of addition 
of a monomer to a growing polymer is independent of 
polymer length. However, in sickle cell hemoglobin, and 
in other tubule-forming proteins, the free energy of ad- 
dition of the first few units is probably much higher than 
that for subsequent addition. This would result in de- 
pression of the population of small polymers. Thus, the 
absence of small polymers in the isotropic phase may be 

0.06 - (60/T) (- - -). 
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an equilibrium reflection of the nucleation process seen 
in kinetics experiments.%* Since nucleation kinetics also 
produces transient length overshoot, the absence of small 
polymers in the supernatant may also be partially due to 
incomplete equilibration. We are presently calculating the 
equilibrium distributions of polymer sizes and orientations, 
and the corresponding phase diagrams, for nucleated re- 
versible polymerization. It is anticipated that the behavior 
will be intermediate between that for unconstrained re- 
versible polymerization, as presented here, and constrained 
reversible polymerization in which monomer and polymer 
do not coexist in significant amounts in the same phase, 
as presented previ~usly.~‘J~ 
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ABSTRACT Mean-square radii of gyration were computed for comb-branched polymers simulated by chains 
on a cubic lattice that incorporated both excluded volume and attractive energies between nonbounded segments 
of the polymer. The ratios g of the radius of gyration of comb-branched polymer to that of a linear polymer 
of the same molecular weight a t  the 8 point were found to be larger than the g ratios calculated by the 
unrestricted random walk model of the polymer. The calculated g ratios were compared with experimental 
measurements. For the comb-branched polymers, the radii of gyration of the backbones and the expansion 
factors were also calculated. The radii of gyration of the backbones at  the 8 conditions were greater than 
those of linear polymers, in contradiction to the random walk model, which requires that they be equal. The 
calculated expansion factors were less than those of linear polymers, also in contradiction to perturbation 
theories based on the random walk model, which predict greater expansion factors for branched polymers 
than for linear polymers. 

Introduction 
A branched polymer molecule in solution is less ex- 

tended than a linear polymer molecule having the same 
molecular weight. This fact is expressed by the ratio 

(1) 

where (S2)b and (s2)1 are the mean-square radii of gyration, 
which will be called the squared radii, of branched and 
linear polymer, respectively. 

The most common method of determining the degree 
of branching of a polymer is to measure its g ratio by light 
scattering or to infer its value from intrinsic viscosity 
measurements. From a relationship between the g ratio 
and the number of branches per molecule for an assumed 
type of branching (e.g., star, comb, or random), the number 
of branches is then determined. This relationship is 

g = (s2)b/(s2)1 < 1 

evaluated for comb-branched polymer in this paper. 
By representing polymers at the 8 condition as random 

flight walks, Stockmayer and Zimm obtained the g ratios 
for branched polymers in  a closed f0rm.l For randomly 
branched comb polymers, Casassa and Berry2 obtained 

g = (1 + m - 3 ~  + 2fp + (2f + m 2  + (3f2 - mp31 (2) 

where f is the number of branches per molecule and p is 
the ratio of the molecular weight of a branch to that of the 
backbone. Equation 2 was derived for the case of homo- 
geneous molecular weight of backbone and branches, with 
a random distribution of branch points on the backbone. 

In this paper the g ratios for comb-branched polymers 
are computed, based on a model that is physically more 
realistic than the random walk model. In the present 
model, the branched polymer is simulated by a self- 

This article not subject to U.S. Copyright. Published 1981 by the American Chemical Society 


